We explore the mechanics of inflation within simplified extra-dimensional models involving an inflaton interacting with the Einstein-Maxwell system in two extra dimensions. The models are Goldilocks-like inasmuch as they are just complicated enough to include a mechanism to stabilize the extra-dimensional size (or modulus), yet simple enough to solve explicitly the full extra-dimensional field equations using only simple tools. The solutions are not restricted to the effective 4D regime with H m KK (the latter referring to the characteristic mass splitting of the Kaluza-Klein excitations) because the full extra-dimensional Einstein equations are solved. This allows an exploration of inflationary physics in a controlled calculational regime away from the usual four-dimensional lamp-post. The inclusion of modulus stabilization is important because experience with string models teaches that this is usually what makes models fail: stabilization energies easily dominate the shallow potentials required by slow roll and so open up directions to evolve that are steeper than those of the putative inflationary direction. We explore (numerically and analytically) three representative kinds of inflationary scenarios within this simple setup. In one the radion is trapped in an inflaton-dependent local minimum whose non-zero energy drives inflation. Inflation ends as this energy relaxes to zero when the inflaton finds its own minimum. The other two involve power-law scaling solutions during inflation. One of these is a dynamical attractor whose features are relatively insensitive to initial conditions but whose slow-roll parameters cannot be arbitrarily small; the other is not an attractor but can roll much more slowly, until eventually transitioning to the attractor. The scaling solutions can satisfy H > m KK , but when they do standard 4D fluctuation calculations need not apply. When in a 4D regime the solutions predict η 0 and so r 0.11 when n s 0.96 and so are ruled out if tensor modes remain unseen. Assessment of general parameters is difficult until a full 6D fluctuation calculation is done.
Introduction and summary
The observation of primordial fluctuations in the Cosmic Microwave Background (and in the pattern of large-scale structure) provides a rare observational window into physics at energies much higher than can at present be probed in any other way. But for now we see through this glass, darkly: the glimpse we are provided informs (but does not dictate) what the new high-energy physics ultimately is.
Two features are shared by all glimpses so far. The first is the need for a sufficiently long period of accelerated expansion (usually inflationary acceleration [1] [2] [3] of an earlier universal expansion or the acceleration that reverses an earlier period of universal contraction [4] [5] [6] [7] [8] [9] [10] -for some reviews with references see [11] [12] [13] ), whose role is partly to clean the cosmic canvas of all earlier patterns. The second is the generation of the observed inhomogeneities by amplifying initially small vacuum fluctuations so that they can be writ large across the sky [14] [15] [16] [17] [18] . It is remarkable that such a simple source describes the pattern of observed fluctuations so well [19] .
To date, inflationary models have received the most attention, both because of their successes describing the observations and because they (at least at present) provide the best-controlled framework within which the implications of the very early universe can be crisply explored. Yet, existing models often seem unconvincing. Potential problems can include extreme sensitivity to initial conditions, the requirement of unnaturally flat scalar potentials, the dangers of eternal inflation and difficulties ending inflation everywhere in the universe, relatively poor understanding of reheating, and so on [20] [21] [22] .
Many of these problems have their root in the UV-completion within which the inflationary evolution occurs. For instance, initial conditions refer to earlier epochs involving still higher energies. Shallow potentials are unnatural because of loops involving very massive particles. Eternal inflation is common in a landscape, but the existence and features of a landscape depend on the number of fields present at very high energies. Such problems cannot be addressed without specifying the broader context from which the inflaton field arises.
The goal of this paper is to develop particularly simple models of inflation in which new types of UV questions can be reliably asked. A central feature of the models is that they are explicitly extradimensional, which is done since extra dimensions are very plausible parts of any UV completion at the energies of likely inflationary interest, particularly if string theory plays a role in the unitarization of gravity. We also do not restrict to a single extra dimension, and consequently explore outside the relatively well-explored cosmology [23] [24] [25] [26] of the Randall-Sundrum [27] sandbox. Although there are extensive studies of inflation with a stringy provenance [28] [29] [30] [31] (which also involve more than one extra dimension, and can do well when compared with observations [32, 33] ), comparatively few of these studies actually involve explicit solutions of the extra-dimensional field equations (see however [34] ). Most studies instead identify scalar fields within a 4D effective theory below the Kaluza-Klein (KK) scale, 1 m KK . The existence of inflation is then inferred using only the 4D effective Einstein equations. While this is a legitimate procedure, it usually requires all derivatives (including in particular the 4D Hubble scale, H) to be smaller than m KK , and so forces inflationary searches to proceed only underneath an explicitly four-dimensional lamppost.
An important point about the models we explore here is that all extra-dimensional field equations are solved explicitly and so there is no requirement to be within the domain of validity of effective 4D methods. In particular, we identify several examples with H greater than the mass splitting m KK , which would not be possible to explore at all if only 4D effective methods were available. In the strict de Sitter limit, the fact that the isometry group contains special conformal transformations requires all KK excitations with spin s > 3/2 to posses a mass gap ∆m 2 KK > s(s − 1)H 2 (through unitarity of the representation [35] ; in the case of spin two the former is more widely known as the Higuchi bound [36] ). However we note that quasi de-Sitter backgrounds such as those of the 'extended-inflation' (or power law) variety [37] [38] [39] [40] [41] [42] [43] [44] break conformal symmetry, and it is not clear an analogous bound can be derived on such backgrounds 2 . Power-law inflation is also interesting for another reason: it robustly predicts = −Ḣ/H 2 to be constant and so the second slow-roll parameter is η :=˙ /(H ) = 0. When power-law evolution occurs with H m KK , standard 4D calculations of primordial fluctuations can apply and then the prediction η = 0 implies the scalar-to-tensor ratio, r, and scalar spectral index, n s , are related by [43] 
which implies r 0.11 if n s 0.96. This is already in some tension with the latest 95% c.l. upper limits, r < 0.07 [45] and so these models may soon be excluded (unless primordial tensor modes show up very soon). Of course, predictions are less clear when H > m KK since, in this regime, standard 4D calculations need not capture the right fluctuation spectrum.
A second key feature of the models examined here is that they explicitly provide a potential that can stabilize all of the moduli that are generically present within extra dimensions. Indeed, experience with modulus stabilization in Type IIB string models [46] [47] [48] [49] and its influence on inflationary models [50, 51] shows that modulus stabilization is usually crucial to any understanding of any extradimensional inflationary dynamics. It is crucial because the very shallow potentials usually required by inflation are easily swamped by the physics of modulus stabilization, which generically provides a steeper, non-inflating, direction in field space along which the system prefers to evolve. Although extra-dimensional inflationary models have been explored extensively since the early 1980s [52] [53] [54] [55] [56] (usually with compact extra dimensions, though see also [57] ), most (with a few exceptions [34, [58] [59] [60] [61] [62] [63] ) ignored modulus stabilization usually due to the lack of tools with which to study it. But since the development of tools like flux-stabilization [47, 64] , the state of the art for any modern understanding requires a treatment of modulus stabilization.
Finally, our models also enjoy a third important feature: they are Goldilocks models in the sense that they are just complicated enough to allow the appearance of many of the features (like flux stabilization) that also arise in more involved stringy models, yet they are simple enough not to require overly fancy tools (usually more to do with the complications of string physics than about the mechanics of inflation) beyond those already in the toolbox of most cosmologists. Because of this, we hope these models will be used in future work to seek higher-dimensional signatures in the predictions for primordial fluctuations. This balance between new phenomena and ease of calculation is achieved by working with a minimal number of dimensions, 3 with only the minimal fields required for inflation and modulus stabilization. Indeed we work here with six-dimensional models because these are among the simplest to stabilize, and are among the earliest for which modulus stabilization was systematically developed [65] [66] [67] (for similar reasons, six-dimensional models have been used as toy laboratories for extra-dimensional tunneling problems [68] [69] [70] [71] [72] [73] ). We verify our solutions remain deep within the regime of validity of semiclassical methods [74, 75] , and as a result avoid models whose success relies on UV-sensitive assumptions such as higher-derivative terms.
We examine in particular an Einstein-Maxwell-Scalar system in six dimensions, within which the Maxwell field provides the required flux stabilization and the scalar, φ, is essentially a higherdimensional inflaton (but is not restricted to be the dilaton, such as often arises in 6D supergravity models). Most of the interesting dynamics arise due to the interplay between the evolution of the inflaton and of the extra-dimensional modulus. Since we use spherical extra dimensions, there is only a single modulus: the radion, ψ. Because both the inflaton and radion evolve as the universe expands, relations become possible between the number of inflationary e-foldings and the change in size of the extra dimensions. In one case, we find these are related by N e = 2 ln(b f /b 0 ), where b is the physical radius of the extra dimensions. This gives the tantalizing numerology that N e 60 if b f /b 0 ∼ 10 13 or N e 70 if b f /b 0 ∼ 10 15 (as could be the case if b 0 were near the Planck scale and b f near the weak scale, for instance).
We find three different inflationary regimes within this model, two of which involve power-law inflation and allow the regime H > m KK . They have the following properties:
This corresponds to a situation where the radion gets trapped early by a local minimum of its potential, before the inflaton has yet found its own minimum. Although the potential is tuned to vanish when both fields are minimized, it does not vanish in this case while the inflaton is still rolling and so inflation is driven by the energy at the radion's local minimum. As the inflaton rolls, the radion gets slowly lowered towards zero, at which point inflation ends.
This regime is both unusual and commonplace in extra-dimensional models. It is commonplace in the sense that the radion does what stabilized moduli do once they settle into a local minimum during an inflationary regime. However, such moduli are usually integrated out when inflation is analyzed within an effective 4D theory, so what is unusual is our ability to track the approach to the minimum and its evolution explicitly. We can do so because we can follow all of the extra-dimensional dynamics explicitly. This regime tends to satisfy H < ∼ m KK and so standard 4D calculations of primordial fluctuations can apply (where one can generically expect features and suppression of power at long wavelengths [76] ). If they do we find slow-roll parameters governed by the slow inflaton roll, which resembles chaotic inflation [77] because the inflaton is high up the side of a potential hill. In the model described here in detail, we find a range 0.13 < ∼ r < ∼ 0.18 corresponding to 70 > ∼ N e > ∼ 50 e-foldings, which is higher than the best current bounds. Athough we have not systematically explored for lower values in this model, smaller r goes with larger N e (with r ∼ 0.1 if we allow N e 90) .
Attractor Power-law Regime:
This regime corresponds to a power-law scaling solution that arises when the inflaton's 6D potential dominates the energy density and is approximately exponential. Although other scaling solutions can also arise in other parts of parameter space (such as the example described in the next item), this one is special inasmuch as it is an attractor (in the original dynamical sense of the word, wherein it is the endpoint of a broad class of initial conditions). As a result, is often shows up when the field equations are integrated numerically. Inflationary attractors of this type have arise elsewhere within a 4D context [44, [78] [79] [80] [81] .
This solution enjoys several noteworthy features, including that it can naturally end (because the potential is no longer approximately exponential) once the radion and inflaton find their minima. There is generally an overshoot problem with the radion, however, since its minimum is not very deep, though one can tweak the model to avoid this. This solution also generically allows H/m KK > 1 and moreover this ratio can grow with time. The main drawbacks of this solution for inflationary phenomenology are its prediction of a lower bound ≥ 1 2 and, if it is to end in a regime with a minimum for the radion, its prediction of an upper bound N e 35 for the number of e-foldings. Whether the lower bound on is a problem depends on the method of generating primordial fluctuations, and whether standard results survive in the cases where H > m KK . The upper limit on N e is more robust but might be acceptable if the attractor solution arises as the endpoint of a different inflationary solution (such as the one described next) for which can be smaller.
Slow-Roll Power-law Regime:
This regime corresponds to one of the classes of scaling solutions that are not attractors. In particular, the solution of interest here arises when the inflaton potential and the extra-dimensional curvature have similar size and together dominate the energy density. This solution is not an attractor because small perturbations in one direction in field-space grow with time (in numerical solutions often eventually crossing over to the above attractor solution). On one hand, this unstable direction provides a natural way of ending inflation, while on the other hand its existence means this solution requires specially arranged initial conditions. There is no lower bound in this solution for the slow-roll parameters , nor is there an upper bound on the number of e-foldings, N e . The Hubble and KK scales can satisfy H > m KK , however, for this solution, their ratio does not evolve in time. A phenomenological disadvantage of this model is that the conditions for its existence preclude the possibility of it ending in a regime for which the radion has a viable minimum for V , so a realistic scenario must invoke another mechanism for modulus stabilization beyond the simplest flux-stabilization mechanism.
The remainder of the paper is organized as follows. Section 2 lays out the action and field equations of our Goldilocks system. After identifying the full set of field equations in six dimensions, section 2.2 shows that their simplification using a homogeneous symmetry ansatz leads to a reduced set of equations and shows these to be completely equivalent to the homogeneous field equations of a particular four-dimensional two-scalar field theory. The 4D system provides a consistent truncation [82] of the full system, as is known to occur in 6D reductions on a sphere [83] . (We verify the consistency of this truncation in Appendix A.) Because the truncation is consistent, any solution to the 4D system can be dimensionally oxidized to a solution of the full 6D system. In section 2.3, we quantify the conditions required to stabilize the radion with flux, and then derive the analytic powerlaw solutions that often dominate numerically. Section 3 describes explicit numerical evolution for the three illustrative scenarios described above.
The system
This section sets out the action and field equations to be solved for the solutions of interest in later sections.
Action and field equations
The system of interest is a 6D Einstein-Maxwell-Scalar field theory, with action
where
is an abelian gauge field strength while g (6) and R = g M N R M N are the determinant and Ricci scalar for the 6D metric,
Where explicitness is necessary, we choose a scalar potential of the form
which (for V 0 and the β i positive) is minimized by
We may adjust Λ to ensure that the 4D part of spacetime is flat once the extra-dimensional metric also satisfies its field equations. The field equations following from this action are
the metric's Einstein tensor and the stress-energy is
For cosmological applications, we seek time-dependent solutions where four dimensions have an FRW form (with, for simplicity, flat spatial slices) and the extra two dimensions have the geometry of a sphere:
Here, γ mn is the standard round metric for the unit 2-sphere, andâ and b are the time-dependent scale factors for the three-and two-dimensional spatial dimensions, respectively, whose coordinates are denoted x i and y m . The hats onĝ µν ,â andt are used to distinguish them from the corresponding quantities defined in the 4D Einstein frame, defined below. We similarly take the scalar field to be homogeneous, φ = φ(t ) and the only nonzero components of the Maxwell field to be F mn = f mn , where mn is the Levi-Civita tensor built from g mn .
With these ansätze, the homogeneous Klein-Gordon equation reads 
while quantization of the extra-dimensional magnetic flux implies
with n an integer and e the Maxwell field's coupling constant. Clearly (2.9) satisfies both of eqs. (2.8).
The stress-energy tensor for this metric ansatz becomes diagonal, with energy density, ρ, and 3D and 2D pressure, p (3) and p (2) given by
and so the Einstein equations become
We have verified that solutions to these reduced equations also satisfy all of the other 6D field equations. They do so because our ansatz is the most general one consistent with translational and rotational invariance of the three spatial dimensions together with the maximal SO(3) symmetry of the two extra dimensions.
Domain of validity of approximations
In later sections, we seek classical solutions to these equations and so must remain within the domain of validity of semiclassical methods. This requires curvatures are small in 6D Planck units, and so also requires restricting to configurations with correspondingly small stress energy
Dimensional reduction
It is useful to rewrite the above 6D field equations in terms of an equivalent effective 4D formulation. In this section, we first dimensionally reduce the 6D action by truncating it onto the class of 4D fields that evolve during the cosmologies explored later. We then show that this dimensional reduction is actually a consistent truncation [82] , which means solutions to the field equations obtained by varying the dimensionally reduced 4D action actually also exactly satisfy all of the higher-dimensional classical field equations (rather than just satisfying them approximately, as a low-energy approximation).
Consistent truncation of the action
We first derive the dimensionally reduced 4D action obtained by evaluating the 6D action at the truncation dŝ 13) and φ = φ(x). Following [85] we also include a dual 4-form field-strength,
which does not propagate, but which serves to bring the news to 4D about the quantization condition, eq. (2.9), about which the 4D theory otherwise would have no way of knowing [86] . Direct substitution of this ansatz into the 6D action and integrating over the extra dimensions gives 15) where the quantities √ −ĝ andR µν are the volume density and Ricci tensor for the four-dimensional metric,ĝ µν , and contracted indices run only over the four dimensions with coordinates x µ . The kinetic terms can be put into canonical form through the following field redefinitions. For the extra dimensional radius, we take
is the Planck mass and the constant b = b(t ) is the present size of the extra dimensions -so ψ = ψ(t ) = 0. 4D Einstein frame (4DEF) is achieved through the Weyl rescaling 18) where the condition ψ(t ) = 0 ensures that transforming to 4D Einstein frame does not also involve a change of units (at the present epoch).
We are led in this way to the 4D action:
where we canonically normalize ϕ := √ 4π b φ. The scalar potential for the two 4D scalar fields, ϕ and ψ, is
where U (ϕ) = V (φ) and so V (φ) = V 0 e κφ implies U (ϕ) = V 0 e κϕ/(4πb ) = V 0 e ϕ/Mp (say). The field equations for this 4D system reduce for homogeneous, spatially flat configurations in a 4DEF FRW metric, 21) and ϕ = ϕ(t) and ψ = ψ(t) to:φ + 3Hφ + ∂W ∂ϕ = 0, ψ + 3Hψ + ∂W ∂ψ = 0, and (2.22)
where H :=ȧ/a and over-dots refer to derivatives with respect to t. An important aspect of this 4D model is that these field equations exactly reproduce the behaviour of the full 6D system (as opposed to being just a low-energy approximation). That is, as we show in Appendix A, eqs. (2.22) are completely equivalent to eqs. (2.7) and (2.11), which themselves suffice to solve all of the 6D field equations (due to the generality of our symmetry ansatz). In this sense, the truncation described above is a consistent truncation [82] , and homogeneous solutions of the 4D equations can be dimensionally oxidated to obtain consistent solutions to the full 6D field equations. In consequence, we can trust these solutions even in situations where an effective 4D description normally breaks down, such as when the Hubble scale is greater than the KK mass scale: H > m KK . 
Solutions
Before presenting cosmologies obtained by integrating the above field equations numerically we pause first to describe two kinds of simple analytic solutions, since these often capture the main features of the numerical solutions in different regimes.
One simple solution that does not arise as a solution in the situations we explore is 6D de Sitter space. This solution is never found because it does not share the symmetries of our metric ansatz (2.6). It would have done so (as we have verified explicitly) if the 2D and 3D subspaces were both curved and if one of these was allowed to be fibred over the other (i.e., to be warped), so that they can combine into a 5-sphere for some values of the parameters.
Radius stabilization
A virtue of the system under study is that it allows a simple stabilization of the radius of the 2-sphere [66, 87, 88] , using what is perhaps the earliest example of flux stabilization [47, 48] . We briefly describe this solution here in order to identify the parameter range needed for it to exist, and to establish when this is consistent with our later cosmological solutions.
For the stabilized solution, we take b = b and φ = φ to be constants, with V (φ) minimized at the value V = V (φ ). We take the 4D metric,ĝ µν , to be maximally symmetric with curvature set by Einstein's equations. For de Sitter and flat solutions, we may takeĤ =â /â to be constant (and sô a /â =Ĥ 2 ), in which case the 6D Einstein equations reduce to:
The second of these shows that the solution is 4D de Sitter when V > f 2 /2b 4 , but is flat if V is tuned to satisfy f 2 = 2V b 4 . On the other hand, the first of the above equations can be solved for the size of the extra dimensions in terms of f and V , with solutions
As we shall see, b + is a local minimum of the potential for b while b − is a local maximum, and the above formula shows that b + < b − . The minimum and maximum coalesce into an inflection point when κ 4 f 2 V = 2 3 , and no stationary solutions exist within our ansatz at all for finite b once
3 . An example of how this plays out in the 4D potential W is shown in Figure 1 for various values of V . The conditions for trusting classical solutions become sharper once (2.24) is used. As we have seen, semiclassical methods require κĤ 1. This requires small stress energy κ 3 V 1 and
1, where the last inequality uses (2.24) in the form κ/b 2 ∼ 1/(κ f 2 ). Stabilizing the extra dimensions with semiclassical reasoning requires we choose κf 2 = n 2 κ/(4e 2 ) 1, and stabilized extra dimensions are possible in the regime
In particular, the flux stress-energy and 2D curvature are larger than or comparable to the potential when the field b is stabilized.
Power-law solutions
Our numerical search for solutions finds many regions where the evolution takes a simple approximate scaling form. It is useful displaying these approximate scaling solutions explicitly so as to more simply explore their properties, as we do in this section. Scaling solutions are easiest to interpret from the 4D perspective, and typically arise when the potential W (ψ, ϕ) is dominated by a single exponential term [44] . Two classes of solutions are of most interest in what follows, depending on the relative importance of different terms in the total potential that dominate. In order to quantify these we write in the regime of interest. We then seek power-law scaling solutions of the form
, from which we also know
These scaling solutions provide accelerated expansion when α > 1 and (as is always true for power-law solutions) the slow-roll parameters are given by
The scaling behaviour alone also suffices to determine the amount of time spent doing so, with the number of e-foldings given by
where the second-last equality uses (2.29) and the last equality trades the canonical field ψ for the geometrical quantity b. Amusingly, if b f /b 0 ∼ 10 15 during such a scaling regime, 6 then the above relation predicts the 'usual' three spatial dimensions expand by
33)
e-foldings. This potentially provides a novel connection between the number of inflationary e-foldings and the current size of two extra dimensions, with 70 e-foldings emerging from natural (order-unity) choices for the powers α and p 2 . Another combination of later interest, whose time-dependence is fixed in these solutions, is the ratio of the Hubble scale to the KK-mass scale, which, in the 4DEF, are given by H and m KK b /b 2 . Their ratio therefore depends on time as
The values for powers like α follow from the equations of motion and their precise values depend on which of the terms in W dominate. We identify the following particularly interesting cases:
Attractor Solution
This solution is obtained when W 
. In this case, the equations of motion (2.22) reduce to
Equating exponents of time and the overall coefficients of those powers, we find the powers: 36) and a relation amongst the coefficients
Since α ≤ 2 for all real λ, (2.32) implies a lower bound ≥ 1 2 , so the slow roll is never quite that slow. Furthermore, α = p 2 and so the number of e-foldings is N e = 2 ln(b f /b 0 ). Finally, because p 2 = α we have 2/p 2 = 2 ≥ 1 and so H is a strictly falling function of time. It need not fall faster than m KK , however, and in particular for = What makes this scaling solution particularly special is that it is an attractor: when initial conditions are perturbed, nearby trajectories tend to converge towards this solution again at late times. This is shown in detail in Appendix B, where the linearized equations are solved and show that perturbations converge like a calculable power of time. This attractor behaviour is evident in our numerical solutions, which are often drawn towards this scaling solution starting from a broad variety of initial conditions. Once established, the attractor solution tends to persevere until one of the assumptions underlying its existence begins to fail. Chief amongst these is the assumption that W is dominated by a particular exponential term. For instance, eventually motion of the scalar field, φ, finds its minimum at which point V (φ) of (2.2) is no longer dominated by a single exponential.
From the point of view of inflation, what is attractive about this solution is its attractor nature. This makes it relatively insensitive to initial conditions in a way that is not true for many inflationary models. What is unattractive is the lower bound ≥ 1 2 , since this precludes using it to describe primordial fluctuations using the standard mechanism of inflaton vacuum fluctuations.
Slow-roll solution
There is a second power-law solution exposed in our numerical solutions, which differs from the attractor just described in several ways. The main two of these are: it can allow much smaller values of ; and it is not an attractor, since the stability analysis of Appendix B reveals a single growing mode for perturbed trajectories. Indeed numerical solutions that start in the present scaling solution generically eventually cross over to the attractor solution just described.
For this solution, we assume the hierarchy amongst terms in W to be
. In this case, the equations of motion are:
Again, equating the exponents and coefficients of time leads to the following prediction for the powers 39) and for the coefficients
Expression (2.39) for α implies the first slow-roll parameter for this solution is
and η = 0, showing that can be made arbitrarily small (as advertised above) by choosing λ sufficiently small. Furthermore, in this case α/p 2 = α = 1/ and so the number of e-foldings is N e = (2/ ) ln(b f /b 0 ), which can be large even if b f /b 0 is not. Finally, because p 2 = 1, we have 2/p 2 = 2 and so H is again a strictly falling function of time. Indeed, it falls at the same rate as m KK and so H/m KK is time-independent for this solution.
Inflationary examples
We have numerically found three classes of solutions. The first is an example where the radion is trapped almost immediately, and the rest of space exhibits the usual slow-roll inflation. In the second and third classes, we find explicit examples of both scaling solutions described above. Each of these solutions has its own benefits and drawbacks, which we detail below.
Cradle Inflation
This solution is found by letting the radion, b or ψ, start from close to rest very near to the minimum of its potential. 7 With this choice, the radion simply performs damped oscillations around its local minimum, as shown in Figure 2 , with a damping set by Hubble friction. Figure 2 . Behaviour of the radion in the Cradle scenario. ψmin and ψmax correspond to the + and − roots of (2.24), respectively. Behaviour at early times is enlarged for clarity (left).
But this does not mean that inflation is eternal (because the radion stays at its minimum); nor does it mean that the fields ϕ and ψ remain time-independent after the radion finds its minimum. On the contrary, the potential continues to evolve and eventually ends because ψ finds its local minimum of W while ϕ is still rolling towards its own stable endpoint. Inflation occurs because ϕ is not yet at its minimum and so W is not zero despite ψ being minimized. (After all, it is only when both fields are minimized that Λ tunes W to vanish.) Consequently, ψ is cradled within a local basin and has its energy slowly lowered to zero as ϕ makes its way towards its own final resting place.
The evolution of ϕ towards its minimum with ψ pre-trapped is shown in the left panel of Figure 3 . The 4D Hubble parameter during this roll is shown in the right panel of the same figure. Shown also in this panel for comparison is the size of the KK-mass scale, showing that the Hubble rate is smaller than the KK-mass and so the model lies within the regime well-described by a traditional effective 4D description. As a result, we expect that the generation of primordial density fluctuations is likely to go through much as would be expected for any 4D two-field model of this type. Figure 3 . 4D Inflation in the Cradle scenario. In the second plot, the semi-analytic curve is a plot of equation 2.23 (using A.1 to convert to 4D quantities). The slow-roll inflationary regime occurs where the numeric and semi-analytic curves agree. Since the evolution is driven by the rolling of ϕ, the size of the slow-roll parameters can be controlled from the shape of V (φ) using fairly standard methods, and since H m KK , we may use the standard 4D prediction n s = 1 − 6 + 2η and r = 16 . In the representative solution displayed in the figures, the slow-roll parameter and η approximately 60 e-foldings before inflation's end are 0.009, and η 0.016, leading to the predictions n s 0.975 and r 0.15. This value of r is on the high side of the phenomenologically acceptable region [89] at horizon exit, and (as seen in Figure 4 ) lies in the range 0.13 < ∼ r < ∼ 0.18 if we take 70 > ∼ N e > ∼ 50 e-foldings. One can imagine seeking better agreement if the post-inflationary physics allowed inflation to last for a longer time, or (better) if the potential V (φ) is not chosen as the sum of exponentials as in (2.2) (which was chosen here more to study the scaling solutions described below).
Attractor
Our second numerical solution demonstrates regimes that behave as does the attractor scaling solution detailed in section 2.3.2. This is done by choosing initial conditions that ensure the hierarchy W (ϕ) Figure 5 . Plots of tφ (left) and tψ (right) vs t. Reasonable agreement is seen between the numerics and analytics, indicating we are reasonably seeing the attractor scaling solution. Note that the agreement begins to break down as the approximation that U (ϕ) is a single exponential begins to fail.
Power-Law Behaviour
There are several features of the analytical scaling solution that can be used to identify when it provides a good description of a numerical solution. Perhaps the easiest of these is the prediction that the velocities of ϕ and ψ vary asφ = p 1 /t andψ = p 2 /t. Figure 5 , shows an example with a regime of good agreement between these predictions and the numerics. Another diagnostic is the time-dependence of H/m KK which Figure 6 shows is also well-captured by numerical integration. The final diagnostic is the attractor behaviour itself: we expect numerical integration starting from slightly different initial conditions should tend to converge towards the attractor solution. In Figure 7 , we plot the behaviour of the radion and the inflaton for a variety of initial conditions close to the expected scaling solution and see they indeed all approach a common trajectory.
Trapping
To profit from modulus stabilization we also seek solutions that trap the radion in its minimum after leaving the scaling regime. Unfortunately, our numerics show that this is actually generically difficult in practice, for two reasons. First, recall from Figure 1 that the radion doesn't have a global minimum Figure 6 . Plot of log H and log mKK vs Ne ∝ log t. Notice that we see the ratio H/mKK increase with time. Figure 7 . Plots of tφ (left) and tψ (right) vs t for several similar initial conditions (solid lines are numerics, dashed lines are analytics). Note that despite an assortment of initial conditions, each solution approaches roughly the same behaviour.
at finite ψ for all values of ϕ. Consequently parameters and initial conditions must be chosen to ensure that exit from the scaling solution occurs where a minimum for ψ exists. Happily, it happens that the defining condition of the attractor scaling solution -
is consistent with what is required for there to exist a nontrivial minimum of W for ψ.
But even with this ensured, there is generically an overshoot problem: ψ typically acquires too much kinetic energy to prevent it climbing over the potential barrier and escaping towards infinity (see e.g., Figure 8 ). Indeed, care must be taken not to overshoot the local maximum (which is not very high) and this is what we see happen for all the choices of initial conditions we explored.
Past experience [90, 91] shows there is a workaround to circumvent this if we can generate a significant component of radiation whose production and contribution to H can enhance the friction Figure 8 . Plots of ϕ (left) and ψ (right) vs t without friction. Notice that ψ barely feels its minimum at 0.
experienced by rolling fields and thereby drain their kinetic energy. One way to do this would be to imagine that another field, χ, has a ϕ-dependent mass that passes close to zero near a specific point, ϕ = ϕ f , in field space. If so, then ϕ begins to slow as it radiates χ particles when ϕ → ϕ f , generating a gas of radiation. Of course this gas becomes massive again once ϕ leaves ϕ f , a fact used to good effect in [92] to dynamically trap ϕ near ϕ f . However the radiation can simply remain radiation if the χ fields can themselves decay very quickly into other very light particles whose masses are independent of ϕ. Within this type of scenario, the effects of particle production on field evolution can be captured by including also the energetics of the radiation and its production. The modified equations of motion are:φ
where Γ = Γ(ϕ) is the decay rate for the production of radiation, which peaks near ϕ = ϕ f . The conservation of energy requires the radiation energy density, ρ, to also satisfẏ
With this kind of dynamics, it becomes feasible to trap ψ if ϕ f is chosen to dump energy from the system into radiation at the right time (shortly before the radion reaches its local minimum).
In our numerics, we assumed a Gaussian form for Γ, centred fairly close to the value of ϕ for which ψ ∼ 0. With this in place, we are able to trap both the inflaton and radion, as shown in the example illustrated in Figure 9 .
Even if the radion is trapped with such a contrivance, the resulting solution has one last drawback. Whereas one would expect from equation (2.33) that there is a large enough phenomenologically Figure 9 . Plots of ϕ (top left) and ψ (top right) vs t with a bout of friction (bottom) in ϕ centred roughly at t ∼ 10 15 . Having the radiation drain some energy from the system, ψ is able to come in for a controlled landing.
allowed range for the extra dimensions to evolve, b f /b 0 , to allow a there to be 70 e-foldings for this solution. However, there is actually a stricter bound if we demand the radion be trapped at its minimum after the scaling solution ends. The stricter bound arises because the combined conditions that the flux can produce a minimum (i.e., (2.25) ) and that the stress-energy for the flux is subPlanckian (i.e., (2.12)), give us a relation between b 0 and b f = b :
As mentioned before, this power-law solution has N e = 2 ln(b f /b 0 ), so we find:
So, even if we allow the largest range possible for b (with the final value, b f , as large as the micron scale), we would still be left with N e 35.
Slow-roll
Our final example explores the numerics of configurations whose initial conditions ensure that the solution approximates the slow-roll scaling solution, discussed above, for part of the time. Figure 10 . Plots of tφ (top) and tψ (bottom) vs t for the slow-roll scaling solution. On the left is an enlarged view of the slow-roll regime which highlights the agreement of our numerical solutions with the analytics. On the right, we see the transition from the unstable to the stable attractor solution.
This solution is again characterized by the velocities of ϕ and ψ which are parametrized by p 1 and p 2 . Figure 10 shows a numerical solution with the expected behaviour, including the eventual departure from the scaling solution as expected given its unstable mode. Initial conditions were chosen to lie on the scaling solution, and we find the time spent there to be consistent with the numerical imprecision in these initial conditions. Figure 10 also shows how the system tends towards the attractor solution once it leaves the slow-roll scaling regime. Figure 11 plots the numerical evolution of the ratio H/m KK , and shows it is independent of time while in the slow-roll regime, as expected from the analytical evolution computed for the scaling solution. Figure 11 . Plot of H and mKK vs t. Notice that we see the ratio H/mKK is constant in time.
From the point of view of inflationary phenomenology the great virtue of this solution is the ability to arrange to be as small as we like (as well as the signature power-law result that η = 0). We exploit this freedom in the example illustrated to chose = 0.006 (so that if 4D calculations of fluctuations were to apply we would expect n s 0.96 and r 0.096). Our numerics agree with these predictions to within one part in 10 8 and one part in 10 5 , for and η respectively. The instability of the scaling solution is arguably a mixed benefit. On one hand it provides a simple way to end inflation since any mismatch between initial conditions and scaling solution is amplified even without changes to the scaling assumptions (such as the dominance of a single exponential in the scalar potential). This gives a simple way to dial in a large number of e-foldings, though at the expense of introducing specially chosen initial conditions.
On the other hand describing inflation through the slow-roll scaling solution seems inconsistent with simple trapping of the radion. This is because the defining condition that
makes it impossible for this solution to end at a time when there is a flux-stabilized minimum for ψ. To see this remember that flux stabilizes the radion if the flux, inflaton potential, and extradimensional curvature stress-energies conspire at a certain point to have approximately the same magnitude (see equation (2.23) ). But given that the flux stress-energy scales as b −4 while the curvature scales as b −1 , the flux term must dominate during inflation if they meet one another at inflation's end (as they would at the minimum, if it exists). Then at the start of inflation, the flux energy must have been significantly larger than that of the curvature, precluding the slow-roll scaling solution from starting. The exact time-dependence changes slightly in going from 6D to 4D, but the hierarchy remains the same, so we can see that, if we want a minimum to exist for ψ, it is impossible to start this solution in a regime that satisfies
. Consequently utilizing this solution for inflation would require stabilizing the extra-dimensional modulus with some other mechanism than the flux stabilization described above. This is equivalent to a linear combination of the Einstein equations (2.11). Solutions to the 4D equations therefore satisfy the homogeneous 6D equations and so (because the truncation is consistent) also exactly solve the full system of 6D classical field equations.
B Stability of scaling solutions
In this Appendix, we study the stability of the scaling solutions introduced in the main text. We show in particular how one of these is stable and so an attractor for a broad basin of initial conditions, while others have unstable directions that control how long the scaling solution in question can dominate any particular numerical evolution. We start by taking ϕ → ϕ + δϕ, ψ → ψ + δψ, and (B.1)
where U 0 is as previously defined in the main text and T := (t/t 0 ) −λp1−p2 .
We now proceed to solve these equations in the attractor case, and slow-roll case to show that these cases are, indeed, attractors and unstable, respectively.
Attractor Solution
Here, we again drop the terms that arise from perturbation in the flux terms (in equations (B.3), these are the terms containing 1/b
2 ) and substitute our power-law solutions for this case, which are given by (2.36) If we assume m = n, then each polynomial in square brackets must vanish independently. However, since the polynomials for n and m are identical, they will have the same solution. We are left with m = n and the following two equations which we then solve for n and A:
(λ 2 + 1) 2 n 2 + (λ 2 + 1)(5 + Aλ)n + λ(5 − λ 2 )(A + λ) = 0 A(λ 2 + 1) 2 n 2 + (λ 2 + 1)(5A + λ)n + λ(5 − λ 2 )(1 + Aλ) = 0 (B.7)
This system has solutions: n = (0, −1) , while A = −λ, 1 λ (B.8)
The other two linearly independent solutions are given by δϕ = t n , δψ = 0, and δϕ = 0, δψ = t n , where n is given by n = (λ 2 − 5)/(λ 2 + 1). Since |λ| < 1, none of the solutions grow with time, hence this is a stable solution.
Slow-roll Solution
As in the main text, we do not drop any term that arose from perturbations in the flux terms for this case. Substituting our power-law solutions for this case, which are given by (2.39) Since |λ 2 | < 1, we have one growing mode for n: hence, this solution is unstable.
